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Abstract
We prove that L2(71) is a subgroup of the Monster and find another new maximal subgroup, L2(19) : 2.
We also classify all classes of subgroups of the Monster isomorphic to A6,L2(11),L2(19),L2(31),L2(71),
L3(4),U4(2), and M11 containing 5B elements by looking at groups generated by two A5’s intersecting
in a D10.
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1. Introduction
The Monster M is the largest of the 26 sporadic simple groups. It has order
808017424794512875886459904961710757005754368000000000.
It is the only sporadic simple group for which the maximal subgroups remain unknown.
We do not even know whether some simple groups are contained in the Monster or not. The
group L2(71) is one of these. Here we prove that it is in fact a subgroup of the Monster.
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local ones. Every maximal subgroup is the normaliser of a characteristically simple subgroup.
The isomorphism types (and class fusions) of these characteristically simple subgroups can be
restricted to a list that appears in [9]. Two of the cases in this list have been dealt with in [5,6].
Six of the remaining cases can be generated by two A5’s intersecting in a D10. These groups
are A6 ∼= L2(9), L2(11),L2(19),L2(31),L2(71), and L3(4). All classes of A5’s are classified
in [8]. It is shown in [8] that there are no new maximal subgroups with socles in the above list
and A5’s containing elements in classes 2A or 5A. Elements in class 3C are ruled out for all
the groups except L2(11) in [9]. There are two (2B,3B,5B) classes and one (2B,3C,5B) class
of A5. The (2B,3B,5B) classes are contained in the maximal subgroups 2·B and S3 × Th so
Norton calls them type B and type T , respectively.
In this paper we look at groups generated by pairs of A5’s of types T ,B , and BCB. By doing
this, we can classify all classes of subgroups of M isomorphic to A6,L2(11),L2(19),L2(31),
L2(71), and L3(4) that contain 5B’s. We can also use our results from this to treat the cases M11
and U4(2).
We prove the following result.
Theorem 1. If H is a subgroup of M containing 5B elements and H is isomorphic to A6 ∼=
L2(9),L2(11),L2(19),L2(31),L2(71),L3(4),U4(2), or M11, then exactly one of the following
sets of conditions holds:
(1) H ∼= A6, with NM(H) ∼= S3 × M10 < S3 × Th and all A5’s in H of type T .
(2) H ∼= A6, with NM(H) ∼= (2 ×A6)·22 < 2·B and all A5’s in H of type B .
(3) H ∼= A6, with NM(H) ∼= 2 × M10 < 2·B and all A5’s in H of type B .
(4) H ∼= L2(11), with NM(H) ∼= 2 × L2(11) : 2 < 2·B and all A5’s in H of type B .
(5) H ∼= L2(11), with NM(H) ∼= L2(11) : 2 < (M12 × L2(11)) : 2 and all A5’s in H of type B .
(6) H ∼= L2(19), with NM(H) ∼= S3 × L2(19) : 2 < S3 × Th and all A5’s in H of type T .
(7) H ∼= L2(19), with NM(H) ∼= L2(19) : 2 maximal and all A5’s in H of type B . This is a new
maximal subgroup.
(8) H ∼= L2(31), with NM(H) ∼= 2 × L2(31) : 2 < 2·B and containing A5’s of both type B and
type T .
(9) H ∼= L2(71) with NM(H) ∼= L2(71) maximal and A5’s in H of type B . This is a new
subgroup.
(10) H ∼= M11, with NM(H) ∼= 2 × M11 < 2·B and A5’s in H of type T .
1.1. Strategy
The work described here was performed using the computer construction of the Monster de-
scribed in [4]. This construction allows us to calculate easily inside a subgroup G ∼= 21+24·+ Co1,
the centraliser of a 2B element z, but does not allow multiplication of elements outside G. We
take as generators for M the subgroup G and one other element, t (originally denoted T in [4]).
By [9], the two A5’s that may generate any unknown subgroups A6 ∼= L2(9),L2(31),L2(71),
and L3(4) can either be both of type T (case TT), or both of type B (case BB), or one of each
type (case BT). In the case of L2(11), any of the cases TT,BT , and BB can arise as can a fourth
case, case BCB, in which both A5’s are of type BCB (i.e., contain elements in classes 2B,3C,
and 5B). In the case of L2(19) the only remaining possibility is that both A5’s are of type B as
type T was discarded in [6].
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and BCB all intersecting in a group D ∼= D10. We call the three A5’s AT ,AB , and AC , respec-
tively. We will then find N NM(D) and examine all the distinct groups 〈AB,AnB〉, 〈AB,AnT 〉,〈AC,AnC〉, and 〈AT ,AnT 〉, where n is an element of N .
Doing this will ensure that we have considered at least one representative of each conju-
gacy class of subgroups of M which can be generated by two A5’s whose elements are in
Monster classes 2B,3B , and 5B and also those generated by two A5’s of type BCB. From
[9, Table 3] we see that this includes all possible classes of new subgroups isomorphic to
A6,L2(11),L2(19),L2(31),L2(71),L3(4). We can then classify characteristically simple sub-
groups isomorphic to M11 and U4(2) as M11 can be generated by an L2(11) intersecting an S5
in an A5 and U4(2) contains A6’s.
We start with the cases BB, BT, and TT. Case BCB is left until last.
We need a plan for finding AT ,AB , and AC . In [8, Table 4] Norton gives the classes of
diagonal A5’s in various subgroups of M. One of these subgroups is A5 × A12 in which we can
find A5’s of type T and B as diagonal subgroups. In the table he also gives the class fusion and
orbit structure of the right hand A5 as a subgroup of A12 and the normaliser of the direct product
A5 × A5 containing the diagonal subgroup.
By [8], the A5 which is centralised by the A12 is of type AAA (i.e., its classes of elements
of orders 2, 3, and 5 fuse to classes 2A,3A, and 5A) and so it can be extended to a copy of
L2(11) containing elements in classes 2A,3A,5A, and 11A. Such an L2(11) centralises an M12
inside the A12. This M12 contains representatives of both the A12 classes of A5 that will give us
our diagonal A5’s AT and AB and in here we can choose representatives of the classes which
intersect in a D10,D, as required.
Next, we choose an involution r in D and find the group N ∼= NM(D)∩CM(r). We also find
an element conjugating r to the involution in Z(G). This means that we can work in G (where
we can calculate) instead of CM(r) (where we cannot). The group N is a complement in NM(D)
to the normal subgroup of order 5. We can safely factor out the latter subgroup as it is contained
in AB ∩ AT ∩ AC , so conjugating one of our A5’s by any two elements in the same coset will
have the same effect.
We then extend D to AC . The only possible new subgroup generated by two A5’s one of
which is of type BCB is L2(11). This group only contains one class of elements of order 3 which
must either be 3C’s or 3B’s. Any amalgam of a BCB type A5 and a T or B type A5 would contain
elements in both classes of 3-elements, so the only possible L2(11)’s containing AC must have
only BCB type A5’s inside them and we do not need to check any mixed cases.
Finally, we decide which tests to run, check the cases and look at the results.
1.2. Notation
We denote the image of an element x in the representation n by xn. If we are referring to a
permutation representation the degree is followed by P. The only exception to this will be the
Leech lattice representation reduced modulo 2 which will be denoted by 24f2. The group for
which this is a module will always be clear from the context. All modules are over GF(3) unless
stated otherwise.
The following words are used frequently throughout. They are implemented in some versions
of the MeatAxe [11,12] in the function “fro.” These are:
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φ2(g,h) = h, φ13(g,h) = φ12(g,h)φ3(g,h),
φ3(g,h) = gh, φ14(g,h) = φ13(g,h)φ4(g,h),
φ4(g,h) = gh2, φ15(g,h) = φ14(g,h)φ4(g,h),
φ5(g,h) = ghgh2, φ16(g,h) = φ5(g,h)φ15(g,h),
φ6(g,h) = (gh)2gh2, φ17(g,h) = φ16(g,h)φ5(g,h),
φ7(g,h) = (gh)2gh2gh, φ18(g,h) = φ17(g,h)φ3(g,h),
φ8(g,h) = gh
(
ghgh2
)2
, φ19(g,h) = φ4(g,h)φ18(g,h),
φ9(g,h) = (gh)2
(
ghgh2
)2
, φ20(g,h) = φ19(g,h)φ3(g,h),
φ10(g,h) = (gh)2
(
ghgh2
)2
gh2, φ21(g,h) = φ14(g,h)φ15(g,h),
φ11(g,h) = φ10(g,h)φ4(g,h), φ22(g,h) = φ9(g,h)φ12(g,h),
φ23(g,h) = φ7(g,h)φ8(g,h).
1.3. Summary of the construction
Here we recap some of the necessary material from [4].
The construction uses the 2-local subgroups and is over GF(3). We first constructed two
generators, c and d , for G ∼= 21+24·+ Co1, the centraliser of an element z in class 2B . We then
restricted this group to K ∼= 22+11+22·M24, the centraliser of a second involution and then ex-
tended that to 22+11+22·(M24 × 3) by adjoining an extra generator, t , which cycles the three
involutions in Z(K). We use five generators for K . These are a and b, which together generate
CG(t) ∼= 211·M24, and three involutions u,v, and w in O2(K).
Modulo the normal 22+11, the group K has quotient K ∼= (211 × 211) : M24. We defined
three subgroups U,V , and W of K so that their images in this quotient group were the two
direct factors and the diagonal subgroup of the 211 × 211. The third generator t permutes the
three subgroups U,V , and W , and so the involutions u,v, and w were chosen from the three
subgroups so that they would also be permuted by t . They were found in the centraliser of an
element l of order 11.
The module for 21+24·+ Co1 has shape
298 ⊕ 98280 ⊕ 98304 ∼= 298 ⊕ 98280 ⊕ (24 ⊗ 4096).
The four modules 24, 298, 98280, and 4096 are in fact modules for the double cover 2·G. We
store each element g ∈ G as a file containing four matrices: g24, g298, g98280, and g4096 where gn
denotes “the image of some element g′ in n, where g′ is a preimage of g in the double cover of
G = 21+24·+ Co1.”
The module for G has a different shape from that of the 4-group normaliser so t could not be
stored in the same format as elements of G. Thus we store arbitrary elements as words in t and
elements of G. In [5] we defined the length of such a word as the number of occurrences of t
in it. It takes approximately six seconds × word length to multiply a vector by a word using a
Pentium II/450MHz processor. The post is the subgroup G of all words of length zero.
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Any word w in M which centralises z can be written in the same format as our generators
for G, i.e., as a file containing four matrices. But these elements are frequently found as much
longer words. In [5] we gave a method for converting a word w of nonzero length in CM(z) to
the corresponding length zero word given in the more useful format. This trick is of fundamen-
tal importance in our work, as it is the only method we have for shortening words and hence
preventing exponential growth of the words that we need.
Then in [6] we used this word-shortening trick to find a way of changing from one 2B cen-
traliser (a post) to another. This can be done whenever one of the involutions is in the centraliser
of another. We also showed how repeating this trick along a chain of involutions could in theory
be used to shorten almost any word, although this is often too time consuming in practice.
2. Finding AB and AT
Here we locate AT and AB intersecting in a D10. We find them inside the known maximal
subgroup (L2(11)× M12) : 2.
2.1. Generators for (L2(11)× M12) : 2
We use the generators l, u, and t of Section 1.3 together with another generator
m1 =
((
m′1m
′′
1
)l7φ10(l,m′1
m′′1 )27)2
,
where
m′1 =
((
φ4(c, d)φ6(c, d)
)14)φ14(c,d)17φ8(c,d)18 m′′1 = φ8
(
l,m′1
)19
and the φ’s are defined in Section 1.2. These were used in [3] in the classification of subgroups
of M isomorphic to L2(23), where they were found to generate the group 11 × M12. We extend
this group to (11 × M12) : 2 using an outer involution m2. To find m2 we use a random search in
M24 to find the element
m′2 = a(φ4(a,b)φ5(a,b)aφ15(a,b)φ5(a,b)φ12(a,b))
7
.
This is only correct modulo O2(G) so we use a well-known trick (see [7]) to find the correct
elements. The trick says that, if g has order 2n+ 1 and commutes with f modulo an elementary
abelian 2-group, then g commutes with f (ggf )n. We use this formula to correct m′2 to m2 =
m′2(l
m′2 l−1)6l.
We must now extend the group 〈l〉 of order 11 to a copy of L2(11) centralising 〈u,m1, t〉 ∼=
M12. We know that z is contained in the subgroup M12, so any L2(11) centralising the M12 must
centralise z and hence be contained in G. We also know that t is contained in this M12, so we
only need look for suitable L2(11)’s in 〈a, b〉 ∼= 211·M24.
First, we find an element
x′ = φ8(a, b)2φ14(a,b)φ21(a,b)φ8(a,b)φ10(a,b)φ20(a,b)1
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proximation x′1 to find x1 = x′1(lx
′
1 l3)6. There are two distinct copies of L2(11) in M24 containing
〈l¯, x〉 (where bars mean images modulo O2(K)). We test both to find out which one we want. It
turns out that the copy of L2(11) that we are looking for is generated modulo O2(K) by x1, l,
and
m′3 =
(
φ8(a, b)
6)φ5(a,b)aφ8(a,b)φ15(a,b)φ20(a,b)φ11(a,b).
We adjust m′3 to get m3 = m′3(x
m′3
1 x
−1
1 )
3
.
We now have all the generators for (L2(11)× M12) : 2.
2.2. Calculating in useful subgroups of (L2(11)× M12) : 2
We want to find diagonal A5’s in L2(11) × M12. We will do this by finding A5 × A5 in
L2(11) × M12 then taking a diagonal A5. To do this we must be able to calculate in L2(11) and
M12. We will also want to find a post containing an element of order 5 in the diagonal A5’s.
Later we will work in this post to begin to centralise D. The only place to find a 2B involution in
(L2(11) × M12) : 2 centralising one of the diagonal elements of order 5 is as an outer involution
of a subgroup M12 : 2. So we will also calculate inside M12 : 2. Here we find nice representations
of three subgroups L2(11),M12, and M12 : 2 of (L2(11)× M12) : 2.
For L2(11) we make a permutation representation on the 11 cosets of an A5. To get a rep-
resentation of M12 : 2, we use a fixed vector of M12 : 2 ∩ G. This gives us 990P, a 990 point
permutation representation of M12 : 2, on the cosets of 21+4 : S3.
All the calculations that need to be done in M12 could be done inside this representation of
M12 : 2, but we decide that a permutation representation of M12 on 12 points is preferable. We
find a copy of M11 inside M12 : 2 generated by zt−1m1zt−1 and tm1t . This M11 stabilises an
orbit of 165 points in 990P. We permute this orbit under our generators for M12 to get a 12 point
permutation representation 12P of M12. In fact this is a non-isomorphic representation to the one
that is given by the embedding M12 < A12 in M. This does not become apparent until later when
we find out that the relevant A5’s inside it do not have the same orbit structures as those given in
Norton’s table.
2.3. Generating the A5’s
In this subsection we denote Monster conjugacy classes by capital letters and use lower case
letters for conjugacy class names in the groups M12 and L2(11).
We need an AAA-type A5 in L2(11) and two BBA-type A5’s in M12 which intersect in a D10
but are in different M12 classes. Then taking the diagonal A5’s in the two different direct products
A5 × A5 gives AT and AB .
In L2(11) it is easy to pick an A5 as all its A5’s are in the correct Monster class, i.e., of
type AAA. We find one generated by three elements x1, r1 = ml2(x1l)23 , and y′1 = m
x1l2x
2
1 lx1
3 ,
where 〈x1, r1〉 ∼= D10. This generating set can be improved by replacing y′1 by the element y1 =
φ20(x1, y′1)x1 which commutes with r1. The motivation for this change will become clear in
Section 5.
We must now find the A5’s in M12. From Norton’s table we see that these A5’s must be of
Monster class BBA and therefore contain M12 classes 2b,3a, and 5a. In M12 there are two such
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different classes as required. The two A5’s must intersect in a D10.
We generate the D10 in M12 with
x2 =
(
(m1t)
2)m21tm1tm1 and r2 =
(
m1
(
φ22(m1, t)t
)φ19(t,m1)φ21(t,m1))3,
The word for r2 looks quite horrible as it has length 312, but in fact the subword
r ′2 =
(
φ22(t,m1)t
)φ19(t,m1)φ21(t,m1)
can be replaced by a word of length zero. We then find two elements y′2 = zt
−2ztm21tzm1 and
y′3 = zt
−1r ′2m1tzt−1r ′2t2m21 which extend this dihedral group to two A5’s in the two M12 classes that
we want.
The generators for the A5 in L2(11) satisfy the relations
x51 = r21 = y21 = (r1y1)2 = 1, r1 = φ11(x1, y1)x1.
These relations also need to be satisfied by the generators for the A5’s in M12. Otherwise we
cannot multiply the generators together to generate the diagonal A5’s. We replace y′2 by y′2r2 and
let y3 = y′3 as this turns out to be correct already. We can then generate D with x = x1x2 and
r = r1r2, and y1y2 and y1y3 will extend D to AT and AB , although we do not yet know which
is which.
3. The D10 normaliser NM(D)
We find a subgroup of NM(D) using the method of [6]. This involves finding as much of
NM(〈x〉) as we need, then using elements in here and involution centralising tricks to centralise
r inside this 5-normaliser.
3.1. Outline of method
First, note that 〈x〉 is characteristic in D, so NM(D) is a subgroup of NM(〈x〉). We find
NM(〈x〉) in Section 3.2.
Next, NM(D) ∼= D10 : (53 : (4 × A5))·2 can be generated by the subgroups 〈x〉 and N =
NM(D) ∩ CM(r) ∼= NM(D)/〈x〉. Because N  NM(〈x〉), we can find N by centralising r in
NM(〈x〉) We do this in Section 3.3.
We can only recognise that we have generated the whole of N if we have a representation of
N that we can calculate in. This is obtained by conjugating r to z, hence putting N into a post.
This is also done in Section 3.3.
3.2. Normalising x
We need to work in a post containing x to search for elements normalising x. As we already
have the element r ∈ NM(〈x〉) it would be useful to conduct the search in a post not containing
r . But we cannot find one immediately. The only group that both contains x and can easily be
calculated in is (L2(11) × M12) : 2. This does not contain any 2B involutions centralising x but
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as it also contains r . We then find a second post which is more useful.
First, we find a post containing x and whose central element is in M12 : 2. In fact, we see that
x centralises the 2B element m2 which we found in Section 2.1 as an outer involution in M12 : 2,
so the m2-post contains x. We find
h1 = c
(
umc2
)5
tφ14(c, d)
4cφ12(c, d)
8(φ8(c, d)34φ3(c, d)2c
)−1
t
conjugating m2 to z. We shorten the word xh1 to see x in the new post.
We then notice that r is also contained in the m2-post. So the largest subgroup of NM(〈x〉) that
we can hope to find by working in here is NM(D)∩CM(m2). Now we want to choose a different
2B in the centraliser of x. We find two elements j1 = ((cd)20)φ11(c,d) and j2 = ((cd)20)φ17(c,d)
which centralise xh1 modulo E, then use these to find a 2B element centralising x given by
j = (φ8
((
j2
(
xh1
)3)6(
j1
(
xh1
)3)2)6)h−11 .
We check just to make sure that this does not also centralise r , then find
h2 = h1
(
u(ab)
3
uj
)2
t−1φ9(c, d)2φ14(c, d)4φ12(c, d)2
(
φ4(c, d)φ3(c, d)
25c
)−1
t−1,
conjugating j to z. We shorten xh2 and search for elements of G which normalise it. In the j -post
we find two elements
n′1 = φ13
(
xh2 ,
(
(cd)20
)φ21(c,d)dc)φ6
(
xh2 ,
(
(cd)20
)φ21(c,d)dc)
× φ15
(
xh2 ,
(
(cd)20
)φ21(c,d)dc)((cd)20
)φ21(c,d)dc,
n′2 =
(
φ16
(
xh2 ,
(
(cd)20
)φ16(c,d)c2)(xh
)3)10
,
normalising xh modulo E. We adjust them to
n1 =
(
n′1
(
xhn
′
1
(
xh
)3)3)h−1
and n2 =
(
n′2
(
xhn
′
2xh
)3)h−1
.
These two elements n1 and n2 generate
CM(j)∩NM
(〈x〉) ∼= (5 × 2·J2) : 4.
3.3. Normalising D
Here we find a post containing a group N ∼= 2.53 : (4 × A5)·2 which extends D to NM(D).
We then find some generators for N .
The obvious choice for a post is CM(r) as r is the only involution in D which is also contained
in G. This makes it easy to find and ensures that every element of N can be written as a word of
length 4. We find the length 2 word,
k = cd(u(ab)3urcd)2tφ22(c, d)4φ18(c, d)5φ19(c, d)7
(
φ10(c, d)
22(cd)15c
)−1
t,
conjugating r to z.
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g1 = φ4(n1, n2)
(
rrφ4(n1,n2)
)12
and g2 = φ12(n1, n2)
(
rrφ12(n1,n2)
)2
in N . On putting these words into the r-post, we see that we have only generated 2.53 : (2×A5)·2
(i.e., half of N ).
We had failed to find an element in the outer half using the involution centralising tricks, so
we decided to approach it from the other direction. The group N that we are looking for is the
normaliser of 〈g1, g2〉 in CM(r). We can find our third generator as any element in CM(r) which
normalises 〈g1, g2〉 but is not contained in 〈g1, g2〉.
Some of these outer elements of N power up to give g61 , whose image is the central involu-
tion of the subgroup 2 × A5 of 〈g1, g2〉/O5(N). So we can find our third generator inside the
centraliser of g61 in CM(r). We use generators e = ck
−1 [g61, ck
−1]5 and f = dk−1[g61, dk
−1]16 for
CM(〈r, g61〉). We work modulo Ek
−1
to find
g′3 = φ14(e, f )φ19(e, f )2φ11(e, f )φ12(e, f )φ7(e, f ).
Then we correct g′3 to
g3 = φ9
(
g′3g2, g1
)
φ21
(
g′3g2, g1
)
φ11
(
g′3g2, g1
)
φ5
(
g′3g2, g1
)
φ11
(
g′3g2, g1
)
φ15
(
g′3g2, g1
)
.
We now have three generators g1, g2, and g3 for NM(D)∩CM(r).
4. Finding AC
As we have already found NM(D) it would be foolish of us to choose a BCB-type A5 not
containing D. So in this section we extend D to a group AC .
4.1. Where is AC?
We see from Norton’s Table 3 of [8] that an A5 of type BCB has centraliser D10. This D10 is
conjugate to D and therefore has involutions in class 2B . So AC is inside a post.
Inside the post AC cannot centralise anything except the central involution. We see from [10]
that there is only one class of A5’s in Co1 that will do. Their elements are in Co1 classes 2c,3d ,
and 5c.
We look for a post containing D in which the image of x in Co1 is in class 5c and r has a
Co1 image in class 2c. We already have one post containing D. That is the m2-post found in
Section 3.2. We see that in this post x is a lift of a 5a element of Co1 so we need to change post
again. This time we use the 2B involution,
q = z((rh1rh1j1)5(rh1rh1j1j2)5((rh1rh1j1)5(rh1rh1j1j2)5xh1)6)5.
It centralises Dh1 and we can conjugate it to z using the word
h2 = c
(
u(a,b)
3
uqc
)2
t−1φ12(c, d)φ23(c, d)8(cd)9
(
φ14(c, d)
11(cd)37c
)−1
t.
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5c. Now we must extend them to an A5 of type BCB.
4.2. A subgroup of G containing AC
We want to find a third element extending 〈r, x〉h1h2 to Ah1h2C . A random search in Co1 would
not be feasible so here we find a proper subgroup of G containing Ah1h2C .
We cannot look for Ah1h2C inside the centraliser in G of anything as A
h1h2
C has no centraliser
(apart from z) in G. But we do know that Ah1h2C centralises a D10 in the same class as D, so it
must be contained in a D10 centraliser of shape 53·(4 × A5). As q is in the D10 the whole of the
D10 centraliser is in the q-post. So we can work inside G to find Ah1h2C as a subgroup of a copy
of 53 : (4 × A5).
It turns out that the conjugate of xh1h2 by the random element
h3 = φ20
(
c
[
rh1h2 , c
]5
, cdcd2
[
cdcd2, rh1h2
]10)
× φ15
(
c
[
rh1h2 , c
]5
, cdcd2
[
cdcd2, rh1h2
]10)
c
[
rh1h2, c
]5
extends Dh1h2 to a group 〈Dh1h2 , xh1h2h3〉 ∼= 53 : A5 modulo E. In this group we can see Ah1h2C
as a complement to the normal subgroup of order 53.
4.3. Generating AC
Now we look inside the group 〈Dh1h2 , xh1h2h3〉 for the extra generator yh1h2C extending Dh1h2
to Ah1h2C . Modulo E we find the approximation
y
h1h
′
2
C = φ14
(
xh1h2 , xh1h2h3
)
φ21
(
xh1h2 , xh1h2h3
)
φ15
(
xh1h2 , xh1h2h3
)
.
This approximation yh1h
′
2
C extends Dh1h2 to the approximation A
h1h
′
2
C . The group A
h1h
′
2
C has a
non-trivial normal 2-subgroup. So we need to find a complement to this O2 subgroup containing
Dh1h2 .
There is no well-known formula for doing this so we have to do it the long way. We want yC to
centralise r , so we work through (CA′C (r))
h1h2 to find yh1h2C . We can generate a useful subgroup
of (CA′C (r))
h1h2 with the seven elements
c1 =
((
φ12
(
y′C,x
)
φ11
(
y′C,x
))2)h1h2,
c2 =
(
φ22
(
y′C,x
)
φ13
(
y′C,x
)
φ16
(
y′C,x
)
φ21
(
y′C,x
))h1h2 ,
c3 =
((
φ12
(
y′C,x
)
φ22
(
y′C,x
))2)h1h2,
c4 =
(
φ11
(
y′C,x
)
φ16
(
y′C,x
)
φ14
(
y′C,x
)
φ13
(
y′C,x
)
y′C
)h1h2,
c5 =
(
φ19
(
y′C,x
)2
xφ18
(
y′C,x
)
x
)h1h2 ,
c6 =
(
φ12
(
y′ , x
)
φ11
(
y′ , x
)
φ12
(
y′ , x
)
φ7
(
y′ , x
)
x
)h1h2 ,C C C C
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(
φ22
(
y′C,x
)
φ4
(
y′C,x
)
φ21
(
y′C,x
)
φ8x
)h1h2 .
Then yh1h2C is given by rh1h2c7c6c4c5c3c
2
2c1.
We now have all our generators for AC .
5. Testing cases
Recall that any subgroup of M containing 5B elements and isomorphic to a group in the
list A6,L2(11),L2(19),L2(31),L2(71), and L3(4) can be generated by one of the amalgams
〈AB,AnB〉, 〈AB,AnT 〉, 〈AC,AnC〉, or 〈AT ,AnT 〉 for some element n ∈ N . Of course, all elements
of the same coset in N = NM(D)/D give the same result. In this section, we find words for
representatives of every coset in this quotient group N , choose the words which will give different
cases, decide what tests to perform, and finally test the cases and examine the results.
5.1. Words giving different cases
Note that N ∼= N/〈r〉. We can calculate easily in this quotient group by working inside
Nk98280(where 98280 is a faithful monomial representation of G/〈rk〉), then conjugating every-
thing by k−1. First, we find a word for each element of N/〈r〉. We use v1 = (g1g2)2, v2 = vg11 ,
and v3 = vg21 as generators for O5(N), coset representatives r1, . . . , r60 for cosets of 53 in 53 : A5,
and note that g1 conjugates x to x3. We then see that each element can be written as
v
α1
1 v
α2
2 v
α3
3 ri
(
φ11(g1g2)g3
)β
g
γ
1 , 0 α1, α2, α3  4, 0 β,γ  1, 1 i  60.
This gives all 30 000 elements. We now make the double cosets CM(AT )nCM(AT ),
CM(AT )nCM(AB), CM(AB)nCM(AB), and CM(AC)nCM(AC) for each of the above words
n. We only need to test one element from each of the double cosets as all the elements in the
same double coset will give rise to conjugate groups. To find the centralisers of the A5’s we
first note that y1y2, y1y3, and yC (the elements extending D to the three different A5’s) are con-
tained in the r-post as they were chosen to centralise r . So we put them into this post. As we are
also working with N as a subgroup of the r-post, it is now easy to find CN(y1y2), CN(y1y3),
and CN(yC). We find that |CN(y1y2)| = 4 and |CN(y1y3)| = 12, telling us that yT = y1y3 and
yB = y1y2 (the subscript denoting the A5 containing the element). We can then calculate the
three centralisers CN(AX) = CN(yX) ∩ CN(D) for X ∈ {T ,B,C} and make the double cosets.
We choose the shortest word in each double coset to test.
5.2. Where the tests will happen
Recall that the 2B centralisers are the easiest places to do our calculations. Here we look
more closely at the representations of the post G constructed in [4]. This will be relevant when
choosing which tests to run and in which order to run them.
In Section 1.3 we saw that we have access to four representations of 2·G. These are 24, 298,
98280, and 4096. The module 24 is the Leech Lattice representation of 2·Co1 reduced modulo
3 and 298, a module for Co1, is its symmetric square. The monomial representation 98280 is
stored in a special format and is a representation of 224·Co1. The slowest of the four modules to
calculate in, 4096, represents 21+24·Co1, a group which is not isomorphic to G.
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The process is described in detail in [5]. These modules are often more useful for calculating
in G. They are:
• 24f2, the Leech Lattice representation of Co1 reduced modulo 2. The is the fastest non-trivial
representation of G to use;
• 98280P, the permutation representation of Co1 on 98 280 points. This can be input into
existing computer algebra packages, e.g., GAP [13]. It can then be used with permutation
group commands, for example, to calculate subgroup orders modulo E;
• 196560P. A permutation representation of G/Z(G).
We will choose our tests so that the majority of cases can be discarded by calculating in 24f2.
We will then examine the remaining ones in the permutation representations, then finally 196882
as a last resort.
5.3. The tests
We now need to be able to recognise whether or not a group 〈AB,AnB〉, 〈AB,AnT 〉, 〈AC,AnC〉,
or 〈AT ,AnT 〉 is one of the groups A6,L2(11),L2(19),L2(31),L2(71), and L3(4). We work in
permutation representations of these groups on 6, 12, 20, 32, 72, and 21 points, respectively, to
look for ways of recognising the groups. In these small representations we can find out almost
anything that we want.
In particular, we make the following observation: let H be a group in our list, DH be
any copy of D10  H,rH an involution in DH , and y1 and y2 involutions in CH(rH ) with
〈DH,y1〉 ∼= 〈DH,y2〉 ∼= A5 and 〈DH,y1, y2〉 ∼= H . Then there are at most two possible orders
for the product y1y2. These product orders are 3 and 6 for L2(11), 4 for A6, 5 and 10 for L2(19),
16 for L2(31), 36 for L2(71), and 4 for L3(4). Furthermore, in all cases except L3(4), whenever
(y1y2) has even order 2n we have (y1y2)n = rH .
This fact suggests a fast test that can immediately rule out most of the possible cases. Working
first in 24f2 and then in 196560P, we find the order modulo E of yT ynT , yBy
n
T , yBy
n
B , and yCy
n
C
for each representative n of the appropriate double coset. Any n giving products whose orders
in 196560P are not in the list 2,3,4,5,8,18 are discarded. (The orders are halved in all cases
except for L3(4) as the other even order products power up to the involution in the kernel of
196560P.) Each product order can be tested in a fraction of a second. This test can only be done
because the y’s are in CM(r) and so explains the choice of y’s made in Section 2.3.
We also discard products of orders 2,4,5,8,18 in case BCB and order 5 in cases TT and BT.
This is because we are only looking for L2(11) in case BCB and we ruled out the possibility of
an L2(19) containing T -type A5’s in [6].
The number of cases can now be reduced further. Not only do we know the only possible
orders of this product—we also know its conjugacy class in M from [9, Table 3]. The most
common possible group that remains after the previous test is L2(71). This group will also be the
slowest to test when we begin to work in 196882 due to its large element orders. So we decide to
discard the cases which give a product in a wrong class of elements of order 36.
From [9], we see that we need the elements of order 36 in L2(71) to be in Monster class 36D.
We then see from [10] that these elements fuse to classes 36c and 36f (using the same class
names as in [10]) in CM(r), and that only class 36c powers up to the central involution. The
images of elements in this class lie in class 18b of Co1 and they can be recognised using 98280P
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rid ourselves of most of the possible cases and are left with approximately 6000 to check. These
have to be tested using the full 196 882-dimensional matrices by testing the orders of various
words to see whether they could lie in the correct group. The words that we used were
yXy
n
Y x, y
n
Y yXxy
n
Y xyXx, and yXy
n
Y x
3yXxy
n
Y x,
where X,Y ∈ {B,T ,BCB} and the group being tested is 〈AX,AnY 〉.
5.4. Results
In case BCB we found nothing.
In case BT we found only a class of L2(31)’s with centraliser 2A, a representative of which is
〈AB,Av2v
2
3φ9(g1,g2)φ11(g1,g2)
T 〉.
In case BB we found:
• two classes of A6’s with representative 〈AB,Av
3
2φ4(g1,g2)φ8(g1,g2)g1(φ11(g1,g2)g3)
2g1
B 〉 and
〈AB,Av
2
2φ23(g1,g2)g1
B 〉, both with centraliser 2A;
• one class of L2(11)’s with trivial centraliser and representative 〈AB,Av
2
1v
3
2(φ11(g1,g2)g3)
2
B 〉;
• one class of L2(71) with representative 〈AB,Av1v
4
2v
2
3φ17(g1,g2)φ15(g1,g2)
B 〉;
• one class of L2(19)’s with representative 〈AB,Av
3
1v
2
2φ16(g1,g2)g1
B 〉, each contained in a copy of
L2(19) : 2.
In case TT we found:
• one class of L2(19)’s with centraliser S3. These had already been found in [6];
• one class of A6’s with representative 〈AT ,Av
3
1v3φ13(g1,g2)
T 〉 with centraliser S3;
• one class of L2(11)’s with centraliser 2A and representative 〈AT ,Av
3
1v
2
2g2g1
T 〉.
The above results now allow us to prove the following lemma.
Lemma 5.1. No subgroup of M which contains 5B elements is isomorphic to U4(2).
U4(2) contains two classes of A5’s, both of which have normaliser S5 in U4(2). So all A5’s in
a copy of U4(2) inside M are of type T . The group U4(2) contains one class of A6’s which have
normalisers S6 in U4(2). In a copy of U4(2) inside M, the A5’s of all A6’s are of type T . So from
the above result, the A6’s are in copies of the maximal subgroup S3 × Th and have normalisers
in M isomorphic to S3 × M10. But S6  S3 × M10, so there is no U4(2) in M containing 5B
elements.
Lemma 5.2. There is one class of subgroups of M isomorphic to M11. These are contained in
the maximal subgroup 2·B.
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only contain 5B’s. The group M11 can be generated by a copy of L2(11) intersecting an S5
in an 5A. An A5 of type B is not contained in an S5. So any M11 must have an L2(11) containing
type T A5’s.
We see that the element
(
φ10(g1, g2)
10)φ12(g1,g2)φ23(g1, g2)φ22(g1, g2)φ13(g1, g2)g3,
which extends AT to a copy of S5 also extends the representative of the L2(11)’s to a copy of M11
inside the maximal subgroup 2B.
We are now ready to prove Theorem 1.
In [9] it is proved that if H is a subgroup of M containing 5B elements, and H is isomorphic
to A6,L2(19),L2(31),L2(71),L3(4),U4(2), or M11, then H only contains A5’s of type B or
type T . If H is isomorphic to L2(11) then A5’s of type BCB are also permitted. Representatives of
all conjugacy classes of subgroups of M generated by two A5’s of types T ,B , or BCB intersecting
in a D10 were generated in Section 5. All classes that were found of subgroups isomorphic to one
of A6,L2(11),L2(19),L2(31),L2(71),L3(4) are listed above.
Three classes of A6 were found. Two have centraliser 2A and therefore correspond to the two
known classes in the maximal subgroup 2·B. The third has centraliser S3 and is therefore the
known class in the maximal subgroup S3 × Th.
There were two classes of L2(11). One had centraliser 2A and so is contained in 2·B. The
other had trivial centraliser. The known maximal subgroup (L2(11)× M12) : 2 contains a diago-
nal L2(11) with trivial centraliser generated by two B-type A5’s, so this must be what we have
found here.
We found two classes of L2(19). One centralised an S3 and was therefore the known class in
S3 × Th. The other had no centraliser and so from [1] must be contained in a new maximal sub-
group. An element was found extending it to a copy of L2(19) : 2. This group must be a new max-
imal as none of the remaining possibilities for maximal subgroups given in [9] could contain it.
There was one copy of L2(71). This cannot be contained in a known maximal subgroup [1].
It must be self-normalising as the group L2(71) : 2 contains a subgroup 71 : 70, which is not a
subgroup of M.
One class of L2(31) was found centralising a 2A and therefore in a copy of 2·B. There were no
copies of L3(4) found. Lemma 5.1 excludes U4(2) from the list. Lemma 5.2 classifies the M11’s.
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